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a b s t r a c t
This paper represents a discounted cash-flow approach for an inventory model for
imperfect items under inflationary conditions with considering inspection errors. The
previous imperfect quality inventory studies, however, have mostly had the emphasis on
developing cost-minimizing models that do not consider imperfect inspection processes
and related defect sales return issues despite their practical significance. In this paper,
we assume that some produced items might not be perfect and the first stage inspector
of product quality control might make some inspection errors during the separation of
defective and perfect items. Thus, this study proposes a profit maximizing inventorymodel
with incorporating both imperfect production quality and two-way imperfect inspection,
i.e., Type-one inspection error of falsely screening out a proportion of no defects and
disposing of them like defects and Type-two inspection error of falsely not screening out
a proportion of defects, thereby passing them on to customers, resulting in defect sales
returns. In addition, this model includes one more stage of inspection that is after the
rework process and there is no inspection error in this stage. The purpose of this model
is to determine the important factors of an inventory system to optimize the present value
of the total profit in the finite time horizon. Finally, a numerical example is provided to
solve the presented inventory model using our proposed innovative approach, which is
further clarified through a sensitivity analysis.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
The traditional inventory models do not take into account the time-value of money for imperfect items during the
production process. In the real world, most products will be imperfect during the production process and there is the time-
value of money due to opportunity cost. With this in view, an imperfect inventory model must be developed to take into
account the time-value of money. First, Buzacott [1] developed the EOQ model that takes into account inflation. Following
Buzacott [1], several researchers (Misra [2], Jolai et al. [3], Kumar Dey et al. [4], etc.) have extended their approaches to
distinguish the inventory models by considering the time-value of money, the different inflation rates for the internal
and external costs, finite replenishment, shortages, etc. Goyal [5] presented a complete survey of the previous inventory
literature for the deteriorating inventory models. These literature surveys reveal that deteriorating models have received
particular attention and considerable research has been done. Park [6] determined the economic order quantity in terms
of purchasing credit. Vrat and Padamanabban [7] surveyed the state that the rate of consumption of goods depends on the
stock size of the inventory at the start time of the cycle. Datta and Pall [8] developed a model with linear time-dependent
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rates and shortages to investigate the effects of inflation and time-value of money on a finite time horizon. Goal et al. [9]
presented the model economic discount value for multiple items with limited warehouse space and the number of orders
under inflationary conditions. In this model, the economic order quantity and discount economic value was determined.
Hall [10] presented a new model, that the price of purchasing of items will be increased over time. Sarker and Pan [11]
developed a finite replenishment model when shortage is allowed. Hariga and Ben-Daya [12] have developed time-varying
lot-sizing models with a linear trend in demand and taking into account the effects of inflation and time-value of money.
Horowitz [13] it is shown that even when the expected rate of inflation is less than the marginal cost of capital, the
appropriate discount rate to use in computing a discounted expected total inventory cost will not necessarily be negative.
Therefore, the classic EOQ square-root formula may drastically underestimate the optimal lot size. Moon and Lee [14]
presented an EOQ model under inflation and discounting with a random product life cycle. Till now, no one has developed
inventory models incorporating a random planning horizon, stock dependent demand and imprecise effect due to inflation
and discounting. Chung [15] represents a Datta and Pal [8] model with a new algorithm. Then in most inflationary models
of default items entrant into corrupt and only two in inflationary models for typical items is presented. Mirzazadeh and
Sarfaraz [16] presented a multiple-items inventory system with a budget constraint and the uniform distribution function
for the external inflation rate. Kumar Dey et al. [4] develop the model for a deteriorating itemwith time dependent demand
(which is increased at decreasing rate) and interval valued lead-time over finite time horizon. Inflation rate and time-value
of money are considered in this model. Deterioration rate of an item is assumed to be different in deferent warehouses
(OW and RW). This type of demand is applicable for new types of products. Shortages are allowed in each cycle (except
in the last cycle) and backlogged them partially. Decision Maker (DM) may or may not allow shortages in the last cycle
and under this circumstance, there may be three models. Mirzazadeh et al. [17] consider stochastic inflationary conditions
with variable probability density functions (pdfs) over the time horizon and the demand rate is dependent on the inflation
rates (any arbitrary pdfs can be used). The developed model also implies a finite replenishment rate, finite time horizon,
and deteriorating items with shortages. The objective is the minimization of the expected present value of costs over the
time horizon. The numerical example and case study have been provided for evaluation and validation of the theoretical
results and some special cases of the model are discussed. Roy et al. [18] develop the production inventory model with
inventory level dependent demand with regard to inflation and learning effects, and the indefinite time horizon (random)
was presented. They solve their model via a fuzzy genetic algorithm with variable population size. Other research has
been performed by Ameli et al. [19] with considering an economic order quantity model for imperfect items under fuzzy
inflationary conditions.
Rosenblatt and Lee [20] assumed that the time between the beginning of the production run until the process goes out
of control is exponential and that defective items can be reworked instantaneously at a cost and kept in stock. Zhang and
Gerchak [21] considered a joint lot sizing and inspection policy in order to develop the EOQ model where the numbers
of defectives in each lot are random and defective units cannot be used and must be replaced by non-defective ones.
Schwaller [22] presented a procedure that extends the EOQ model by adding the assumptions that a known percentage of
defectives existed in arriving lots and that fixed and variable inspection costs were required in searching for and eliminating
the defectives. Salameh and Jaber [23] surveyed an EOQ model where each lot contains a certain percentage of defective
items with a continuous random variable. They also considered that the imperfect items could be sold as a single batch
at a lower price by the end of 100% inspection but they did not address the impact of the reject and the rework and
ignored the factor of when to sell. Chang [24] develop an EOQ model with fuzzy defective rate and demand. The authors’
survey of the inventory literature reveals that there is no published work that has investigated the model of Salameh and
Jaber’s [23] for learning effects. Chung and Huang [25] investigated the model of Salameh and Jaber [23] and Goyal [5] in
a two-level supply chain (vendor–buyer). Jolai et al. [3] extend an optimization framework to derive optimal production
over a fixed planning horizon for items with a stock dependent demand rate and under inflationary conditions considering
a perishable item that follows a two-parameter Weibull distribution. Shortage is allowed and partially backlogged at
a fixed rate. Jaber et al. [26] developed a production system which deteriorates in every cycle as run cycles progress
after an initial state involving no error, and thus produces defects. In this deteriorating process situation, most of the
researchers have examined an inspection method of defective items based on regular intervals. Chung et al. [27] studied
that retailers may rent other warehouses for the needs of business. A lot of researchers studied inventory models with two
warehouses and inventory models with imperfect quality separately. Compared with previous models, based on Salameh
and Jaber [23] this paper tries to incorporate the above concepts to establish a new inventory model with two warehouses
and imperfect quality simultaneously. The mathematical model by maximizing the annual total profit and the solution
procedure are developed and numerical examples are provided to illustrate them. Seung et al. [28] in their model extends
an EPQ model by incorporating defect proportion, and proportions of rework and salvage in handling re-workable items.
Mirzazadeh [29] assumed the inflation is time dependent and demand rate is assumed to be inflation-proportional. Related
to Salameh and Jaber’s model, Cárdenas-Barrón [30] corrected an error in this work. The error is in the EOQ formulae, but
it does not reduce the main suggestion and contribution of Salameh and Jaber’s paper. Goyal and Cárdenas-Barrón [31]
investigated the simple approach for determining the economic production quantity for a product with imperfect quality.
They furthermore proposed that nearly optimal results are obtained using this simple approach, which is much easier to
implement than the optimal procedure suggested by Salameh and Jaber [23]. Moreover, Cárdenas-Barrón [32] proposed
the same two inventory policies by using an easymethod based on an algebraic derivation. He considered themathematical
expressions to compute the cost penalty. Cárdenas-Barrón [33] considered an EPQ inventorymodelwith planned backorders
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Fig. 1. A schematic diagram flow of our model.
for determining the economic production quantity and the size of backorders for a single product, which is made in a single-
stagemanufacturing process that generates imperfect quality items. All defective itemsmust be reworked at the same cycle.
Finally, he established the range of real values of the proportion of defectives items for which there is an optimal solution,
and the closed form for the total cost of the inventory system. In our proposed model we introduce a new approach of the
EPQ model by considering defective proportion, two-stage inspection of produced items, inspection error in the first stage,
Type-one and Type-two inspection errors, rework and salvage in screened and returned items in inflation conditions, and
the time-value of money.
2. The fundamental assumptions and notations
We consider amanufacturer–customer supply chain system, where the quality of themanufacturer’s production process
and inspection process is not perfect. Figs. 1–3 describe its forward and reverse material flow diagram and inventory
behaviors. The manufacturer produces and simultaneously inspects a lot size y at a rate of P during its production run and
inspection time of T1. Since the production process is not perfect, the lot size y contains defective items of Θy along with
non-defective items of (1 − Θ)y. where a defect proportion of Θ(0 < Θ < 1) follows a known pdf (probability density
function) of f (Θ).
Further, since the one stage inspection process of an entire lot screening is also not perfect, it generates both Type-
one and Type-two inspection errors that have been done by the first stage inspector, given their respective proportions of
α = pr (items screened as defective–non-defective items) and β = pr (items non-screened as defective–defective items)
(0 < α, β < 1). We assume α and β are independent of a defect proportionΘ , as in Liou et al. [34]. So (1−Θ)α = pr (non-
defective items∩ items screened as defectives) andΘβ = pr (defective items∩ items not screened as defects). Nonetheless,
it should be noted that each quantity of the items involving those inspection errors is determined interdependently by
Θ, α, β and y. Thus, in an entire lot inspectionprocess during T1, due to the Type-one inspection error, (1−Θ)αyunits among
thenon-defective (perfect) itemsof (1−Θ)y are falsely screenedout and treated as defects, leaving only (1−Θ)(1−α)yunits
of the non-defects as serviceable items. Further, due to the Type-two inspection error,Θβ units among the defective items
of Θy are falsely not screened out as defects and regarded as serviceable items, and thus only Θ(1 − β)y units among the
defects are successfully screened out. Therefore, only the serviceable items (i.e., falsely unscreened defects and successfully
unscreened non-defects) of [Θβ + (1 − Θ)(1 − α)]y, excluding successfully screened defects and falsely screened non-
defects of [Θ(1 − β) + (1 − Θ)α]y, among the lot y in each cycle of T are used to satisfy continuous customer demand
at a rate of D, where it is assumed that D < Ps (production and inspection rate of serviceable items) < P (production and
inspection rate of the lot y). So those unscreened defects ofΘβy are passed on to customers along with no defects (perfect)
of (1 − Θ)(1 − α)y. Then, those customers who bought defect items would detect quality problems and return them due
to quality dissatisfaction. And customers’ defect returns of Θβy are assumed to occur continuously like demand and be
allowed for full price refunds as is typical in practice.
Those screened and returned items of [Θ+(1−Θ)α]y in each cyclewill enter the rework process. Then themanufacturer
has two disposition alternatives including reworked serviceable and salvage items which are identified by the second stage
inspector.With the given proportion of γ and pdf of f (γ ), [Θ+(1−Θ)α]γ y of the reworked items are reworked serviceable
at a rate of PR during a rework run time of T2 right after T1 (see Fig. 3). The reworked serviceable items are assumed to have no
defects and can satisfy customer demand like perfect items. And the salvage itemswhich are equal to [Θ+(1−Θ)α](1−γ )y,
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Fig. 2. Inventory flow of the imperfect-quality, imperfect-first stage inspection, perfect-second stage inspection inventory system.
given its proportion of (1−γ ), are assumed to be salvaged as a single batch at a discounted price at the end of each production
and inspection cycle as in Salameh and Jaber [23]. Finally, we suppose that no shortages (backlogging or lost sales) are
allowed in each cycle T . Thus, it should be assumed that T − T4 (depletion time of serviceable items without reworked
items) > T1 (production run and inspection time) and that T4 (depletion time of reworked items) > T2 (rework run time)
as in Seung et al. [28]. The objective of this model is to determine the optimal policy and the optimal throughput time in
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Fig. 3. Inventory behaviors of the imperfect-quality, imperfect-inspection inventory system: (a) serviceable and reworked items, (b) screened items, (c)
returned items, and (d) items being reworked.
such a way that the expected value of the present worth of total profits is maximized in the given planning horizon. Finally,
a numerical example is provided to solve the model presented using our proposed three-stage approach. The following
notations are used in conjunction with Fig. 3.
D demand rate (unit/ unit time)
P production and inspection rate lot (unit/ unit time), P > D/[(1− θ) · (1− α)+ θ · β)
PS production and inspection rate of serviceable items (unit/unit time), P > PS > D
PR rework and inspection rate of re-workable items (unit/ unit time), PR > D
PRS rework and inspection rate of serviceable items (unit/ unit time), PR > PRS > D
T cycle time length (T = H/N)
T1 production and inspection run time length
T2 rework and inspection run time length
T3 demand time length
T4 reworked item depletion time length, T4> T 2, T − T4 > T1
y lot size (unit/cycle)
Θ defective proportion of y, 0 < Θ < 1
α proportion of a Type-one inspection error
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β proportion of a Type-two inspection error
γ rework proportion among screened and returned items, 0 < γ < 1
1 − γ salvage proportion among screened and returned items
H finite horizon time (time units)
N number of production cycles during the time horizon H
k fixed cost of each setup ($/set-up) at t = 0
si unit sales price per cycle ($/unit), sales price is a decreasing linear function of cycle time length where si =
a− b · T · (i− 1) , a− b · T · (i− 1) > 0 for i = 1, 2, . . . ,N
a, b constant parameters where a > 0 and b > 0
v unit salvage price ($/unit) at t = 0
c unit production and rework cost ($/unit) at t = 0
h unit holding cost ($/unit/ unit time) at t = 0
c1 unit inspection cost per cycle ($/cycle) at t = 0
ct unit return cost ($/unit) at t = 0
cl unit penalty cost ($/unit) at t = 0
h1 maximum inventory level in production and inspection run time length
h2 maximum inventory level in rework and inspection run time length
Ii(t) inventory level in time t, i = 1, 2, 3
r constant representing the difference between the discount (cost of capital) and the inflation rate.
3. The model formulation
The behavior of the model is described by Fig. 3. The total time horizon H has been divided into N (integer) equal parts of
length so that T = H/N . Each replenishment cycle could be divided into three periods. During the period T1, the inventory
level increases due to production less demand and screened items by first stage inspection in T1 until t = T1 in which
inventory reaches its maximum level
I1 (t) = (Ps − D) · t, 0 ≤ t ≤ T1. (1)
By using Fig. 3 and boundary conditions I1(T1) = h1 and T1 = y/P , we have
h1 =

(1− θ) · (1− α)+ θ · β − D
P

· y. (2)
During the time interval T2, the inventory level increases due to reworked items less demand and screened items by second
stage inspection in T2 until t = T1 + T2 in which inventory reaches its maximum level
I2 (t) = (PRS − D) · t +

(1− θ) · (1− α)− PRS
P

· y, T1 ≤ t ≤ T2. (3)
By using Fig. 3 and boundary conditions I2(T1 + T2) = h2 and T2 = [(Θ + (1−Θ)α)]γ y/PRS , we have
h2 =

(1− θ) · (1− α)+ θ · β − D
P
+

γ − D
PRS

· (θ + (1− θ) · α)

· y. (4)
During the time interval T3, production stops and the inventory level decreases due to demand
I3 (t) = −D · t + ((1− θ) · (1− α)+ θ · β + [θ + (1− θ) · α] · γ ) · y, T2 ≤ t ≤ T3. (5)
Given the behaviors of the inventory model described in Fig. 3, the objective of the inventory system is to determine
the optimal production lot size y, T1 and N that maximizes the present worth of total profit per unit time (PWTP) when
compound interest is used, i.e., total revenue minus total cost per unit time. To formulate TP (total profit), first we examine
total revenue and total cost with discounted cash-flow per cycle T . Thus, for each monetary unit of cash flow at time t , the
present worth is exp−r·t . The detailed analysis of each cost and revenue function is given below:
3.1. Present worth of net revenue
Total revenue per cycle (TR) consists of sales revenues of serviceable items (R) and sales revenue of salvage items (RS)
minus revenue loss of defect refund (RR). During the per cycle T , the manufacturer sells the serviceable items (i.e., falsely
unscreened defects and successfully unscreened non-defects) ([Θβ+ (1−Θ)(1−α)]y) at a unit selling price of si, thereby
generating sales revenue (si[Θβ + (1−Θ)(1− α)]y). However, due to customers’ returns of the unscreened defectsΘβy
for refunds at its full unit price s, it incurs revenue loss which is sΘβy. Further, among the screened and returned items
[Θ(1− β)+ (1−Θ)α]y andΘβy, the manufacturer obtains sales revenue (si[Θ + (1−Θ)α]γ y) by selling the reworked
serviceable items [Θ + (1−Θ)α]γ y at the same unit selling price of s, and revenue of v[Θ + (1−Θ)α](1− γ )y through
the salvage sales of [Θ + (1−Θ)α](1− γ )y at its unit price of v(< si). We assume revenues and refund sales occur in the
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middle of T and salvage revenues will be reached at T1 + T2. Thus, the present value of total revenue during the cycle T can
be expressed as
R = si · y · ((1− θ) · (1− α)+ θ · β + [θ + (1− θ) · α] · γ ) · exp−r·T/2 (6)
Rs = v · y · ([θ + (1− θ) · α] · (1− γ )) · exp−r·(T1+T2) (7)
RR = si · y · θ · β · exp−r·T/2 (8)
TR = R+ Rs − RR. (9)
Now, we derive the equations for the present worth costs of the holding, setup, inspection, return, penalty, manufacturing,
and rework for one cycle.
3.2. Present worth of manufacturing and rework cost
Items produced in period T1 and period T2 consumption demand reached in T1 and T2 and T3 provides. Therefore costs
include items sold and items screened. The present value of manufacturing cost during the production period (T1) and
rework period (T2) can be defined as
CP = c · y[1+ (θ + (1− θ) · α) · exp−r·T1 ]. (10)
3.3. Present worth of holding cost
In periods T1, T2 and T3 when the inventory level is positive, see Fig. 3(a), we sustain holding costs including the different
parameters such as insurance, investment involved in the inventory, storage costs, etc. The inventory is carried out over
the periods T1, T2 and T3, substituting Eqs. (1), (3) and (5) into the following equation; the present worth of holding cost is
achieved by following
HC = h ·
 T1
0
I1 (t) · exp−r·t dt +
 T1+T2
T1
I2 (t) · exp−r·t dt +
 T1+T2+T3
T1+T2
I3 (t) · exp−r·t dt

. (11)
Also we sustain holding costs including screened items (HCS), returned items (HCR) and re-workable items (HCRW ) in
periods T1, T2 and T3, considering inventory diagram (Fig. 3(b)–(d)) and inventory equations.
I1 (t) = [(1− θ) · α + θ · (1− β)] · yT1 · t, 0 ≤ t ≤ T1 (12)
I2 (t) = [(1− θ) · α + θ ] · yT2 · (t − T1) , T1 ≤ t ≤ T2. (13)
Substituting Eqs. (12) and (13) into the following equation, the present worth of holding cost screened items is achieved by
following
HCS = h ·
 T1
0
I1 (t) · exp−r·t dt +
 T1+T2
T1
I2 (t) · exp−r·t dt

. (14)
And for returned items
I1 (t) = θ · β · y ·

1
T
· (t − T1)+ 1

, 0 ≤ t ≤ T1 (15)
I2 (t) = θ · β · yT · (t − T1) , T1 ≤ t ≤ T (16)
substituting Eqs. (15) and (16) into the following equation, the present value of holding cost returned items for one cycle
will be
HCR = h ·
 T1
0
I1 (t) · exp−r·t dt +
 T1+T2+T3
T1
I2 (t) · exp−r·t dt

. (17)
And for re-workable items
I (t) = −PR · (t − T1 − T2) , T1 ≤ t ≤ T1 + T2. (18)
Substituting Eq. (18) into the following equation, the present value of holding cost re-workable items for one cycle will be
HCRW = h ·
 T1+T2
T1
I (t) · exp−r·t dt

. (19)
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3.4. Present worth of holding cost which has not occurred in the first cycle
In Fig. 3(c) and (d), the colored areas belong to the present periods, because production and stocked inventory at the
starting moment are zero (before the first period). The present worth of first period costs is calculated by total cost of first
period minus holding costs which are illustrated in Fig. 3(c) and (d). The present worth of costs for returned items can be
written as
HCR− = h ·
 T1
0
θ · β · y ·

1− T1
T

· exp−r·t dt. (20)
For reworked items, in Fig. 3(d), there are two similar triangles (ABC&ADE), and the ratio of their similarity is equal to the
ratio of their side lengths (AD/AB). According to geometric theories the ratio of the areas of two similar triangle is equal to
the square of the ratio of their sides (AD/AB)2. The present worth of rework cost for one cycle can be expressed as
HCR−W =

1−

(1− θ) · α + θ · β · T1/T
θ + (1− θ) · α
2
· h ·
 T1+T2
T1
−PR · (t − T1 − T2) · exp−r·t dt. (21)
There is no returned (HCR−) and reworked cost (HCR−W ) in the first period.
3.5. Present worth of setup cost
The first cycle has two setup costs, the first one occurs at the start of the cycle, and for rework items the second one occurs
at t = T1. Finally, the production setup costs of subsequent cycles occurs at t = iT and t = T1 + iT , where i = 1, . . . ,N − 1
SC =

k · 1+ exp−r·T1 , for the first cycle,
ke−r·(i−1)·T · 1+ exp−r ·T1 , other cycles. (22)
Let X = k and Y = k · exp−r ·T1 .
3.6. Present worth of inspection cost
The present worth of inspection cost during the production period (first stage) (T1) and rework period (second stage)
(T2) occurs during these periods but we assume that it is in the middle of periods and can be expressed as
CI = c1 · y ·

exp−r·
T1
2 +(θ + (1− θ) · α) · exp−r·

T1+ T22

. (23)
3.7. Present worth of return and penalty cost
The present worth of return cost (Ct), including communication and reverse logistics, and penalty cost (Cl), due to the
loss of creditability from the customer’s quality dissatisfaction during the period (T ) occur at the end of the period and it
can be written as
Ct + Cl = θ · β · y · (ct + cl) · exp−r·T . (24)
3.8. Present worth of total profit
Present worth of the total profit includes sale incomes of perfect items (R) plus incomes of salvage items (RS) minus
sales revenue of items returned by dissatisfied customers (RR)minus production system total costs including holding costs
(HC,HCS,HCRW ,HCR− andHCR−W ), production and reworking costs of defective items (CP), setup costs (X and Y ), inspection
cost (CI), return cost (Ct) and penalty cost (Cl). Therefore, the production system profit function is obtained accordingly. The
present worth of total profit is calculated by subtracting revenues and costs, given by
Max PWTP =
N
i=0
(R+ Rs − RR − HC − HCS − HCR− HCRW − X − Y − CP − CI − Cl−C t)
· exp−r.i·T +HCR− + HCR−W . (25)
The planning horizon is composed of N production cycles. Finally, having the components of Eq. (25) we can calculate the
profit function. The objective function should be calculated for several Ns to determine the best number of production
periods. Eq. (25) is composed of T1, T2, T3,N and y variables and also clearly has a high complexity. Certainly such an
analytical solution based on the above equation with five variables is impossible. Therefore the number of variables can
be reduced by the auxiliary relations. To achieve this purpose we calculate the existing relations between amounts of y and
T1 and put y into the other equations. The value of the variable T can be replaced by the equation T = H/N which uses
MaClaurin’s approximation for
N
i=0 exp−r·i·T ∼= 1 − exp−r·N·T /1 − exp−r·T . Thus, the objective function is the function of
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two variables T1 and N as follows:
T1 = y/P H⇒ y = T1 · P (26)
T2 = [θ + (1− θ) · α] · y/PR (27)
T3 =

(1− θ) · (1− α)+ θ · β − D
P
+ (θ + (1− θ) · α) ·

γ − D
PR

· y. (28)
Substituting Eq. (26) into Eqs. (27) and (28) and substituting in expression Eq. (25) using Eqs. (27) and (28), the present
worth of the total revenue, PWTP(T1, y,N), is a function of two variables T1 and N , in which T1 is a continuous variable and
N is a discrete one. Since Θ, α, β and γ are random variables with known pdfs of f (Θ), f (α), f (β), and f (γ ), respectively,
the expected value of PWTP , i.e., EPWTP , becomes
max
N
EPWTP (T1,N) st : 0 ≤ T1 < T . (29)
4. The optimal solution procedure
The objective function has two variables. The number of production periods (N) is a discrete variable and the length of
the first period (T1) is a continuous variable. We have used the following method for calculating the optimal solution:
1. Let N = 1.
2. Calculate derivatives of the (partial) objective function by the only variable of problem (T1) and letting the derivatives
equal zero. Then calculate the EPWTP .
3. Add one unit to N and repeat step 2 for new N . If there will be no increase in the new EPWTP , then show the last EPWTP .
The necessary condition for maximizing EPWTP(N, T1), for a given positive integer of N is:
∂
∂T 1
EPWTP (T1,N) = 0. (30)
To ensure that the objective function is concave, the derived values of (N∗, T ∗1 ) must satisfy the following sufficient
condition:
∂2EPWTP
∂T 21
< 0. (31)
Since EPWTP is a very complicated function due to the high power expression of the exponential function, it is impossible
to analytically show the validity of the above sufficient condition. Thus, the sign of the above quantity in Eq. (31) is assessed
numerically.
5. The numerical example
Using the above mentioned solution procedure, the optimum values of T1 and N and the expected value of the present
worth of the total revenue have been calculated for the following values of the parameters of the illustrated model (the unit
time is year):
The demand rate D = 4, 000 unit/year, production and first stage inspection rate P = 8, 000 unit/year, rework and
second stage inspection rate PR = 6, 500 unit/year, setup cost k = 100 $/cycle, unit production and rework cost c = 25
$/unit, unit inspection c1 = 1 $/unit, unit return cost ct = 3 $/unit, unit penalty cost from goodwill loss cl = 4 $/unit,
unit inventory holding cost h = 4 $/year, constant representing the difference between the discount (cost of capital) and
the inflation rate r = 0.08, defective proportion of yθ ∼ U(0, 0.04), proportion of a Type-one first stage inspection error
α ∼ U(0.01, 0.03), proportion of a Type-two first stage inspection error β ∼ U(0.03, 0.07), rework proportion among
screened and returned items (we assume that it is γ fixed at 0.8 instead of being a random variable with its pdf due to
the computational difficulty of obtaining the result from multiple integrals involving four random variables using Maple
12) γ = 0.8, planning horizon is 10 years, unit selling price function si = 60 − 2∗T ∗(i − 1) $/unit and unit salvage price
v = 0.6∗si $/unit
f (θ) =

25, 0 ≤ θ ≤ 0.04
0, otherwise f (α) =

50, 0.01 ≤ α ≤ 0.03
0, otherwise f (β) =

25, 0.03 ≤ β ≤ 0.07
0, otherwise.
Hence we have E [θ · β] = 0.0010, E [θ · (1− β)] = 0.0190, E [(1− θ) · α] = 0.0196, E [(1− θ) · (1− α)] = 0.9604 and
E [θ + (1− θ) · α] = 0.0396.
Table 1 shows that the expected value of the present worth of total profit (EPWTP) becomes maximum for N = 24 and
T1 = 0.208333. Hence, the maximum expected value of the present worth of total revenue is 1.808325 ∗ 106 $ and the
production quantity due to Eq. (26) will be 1667 (Fig. 4).
By substituting the optimal values of N and T1 into Eq. (31), one can see that EPWTP is strictly concave
∂2EPWTP
∂T 21
= −7.1980.106.
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Table 1
Optimal solution of example.
N T1 T2 T3 T Y EPWTP × 106
5 0.861188 0.206484 0.932328 2 3690 0.673887
10 0.458939 0.110841 0.430220 1 3672 1.283382
15 0.323331 0.030862 0.312474 0.666667 2667 1.663545
20 0.235681 0.029964 0.234355 0.500000 2000 1.787511
23 0.217391 0.013595 0.203787 0.434773 1740 1.807346
24Optimal 0.208333 0.012154 0.195296 0.415783 1667 1.808325
25 0.192308 0.020105 0.187484 0.399897 1600 1.807057
30 0.175238 0.011858 0.146237 0.333333 1334 1.774983
50 0.099872 0.006386 0.093742 0.200000 800 1.442321
80 0.062453 0.003958 0.058589 0.125000 500 0.753539
100 0.047315 0.005814 0.046871 0.100000 400 0.256698
Fig. 4. The graphical representation of the concavity of the expected value of the present worth of total profit function.
6. The sensitivity analysis
The change in the values of system parameters can take place due to uncertainties and dynamic market conditions in
any decision-making (DM) situation. In order to examine the implications of these changes in the values of parameters, the
sensitivity analysiswill be of great help in a decision-making process. By using the numerical example given in the preceding
section, the sensitivity analysis of various parameters has been carried out in this paper. The values of the systemwhich are
considered here are N , T1, and EPWTP . Results of the sensitivity analysis are shown in Table 2. Finally, the main conclusions
one can draw from the sensitivity analysis are as follows
(1) There is an increase (decrease) in the EPWTP value when D, P , a or r are increased (decreased).
(2) There is an increase (decrease) in the EPWTP value when c , c1, h, b, α,Θ or γ are decreased (increased).
(3) N is less sensitive but T1 is moderately sensitive.
(4) All other changes in parameters do not affect the EPWTP significantly.
7. Conclusions
In this paper, a production lot sizing model is presented that incorporates some realistic features. In practice, often both
production and inspection processes of a manufacturer are not perfect, thereby producing and passing some defects and
some non-defects. Most of the existing imperfect quality inventory systems, however, have not dealt with such important
practical situations involving both imperfect production and imperfect inspection processes. Thus, we present a profit-
maximizing imperfect quality inventory model with two Types of inspection errors and defect sales returns that determine
an optimal production lot size. The first stage inspection errors consist of a Type-one inspection error of falsely screening
out a proportion of non-defects regarded as defects, incurring unnecessary additional costs, and a Type-two inspection error
of falsely not screening out a proportion of defects, thereby passing them on to customers and consequently resulting in
customer defect sales returns due to quality dissatisfaction. In this paper a new approach for the EPQmodel by incorporating
defect proportion, inspection of items produced in two steps, inspection error in the first stage, proportions of Type-one and
Type-two inspection errors, and proportions of rework and salvage in handling screened and returned items in inflation
conditions, and considering the time-value of money by the present worth method. We also present an optimal solution
procedure to find the optimal production policy and discuss concavity conditions. Finally, a numerical example is solved
and the sensitivity of the solution to changes in the values of different parameters has been discussed. The results show that
the expected value of the present worth of total profit is sensitive to changes in P, c, a, b and r .
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Table 2
Sensitivity analysis results.
Parameter change (%) −%50 −%20 −%10 +%10 +%20 +%50
D
N 26 25 24 24 23 22
T ∗1 0.200000 0.202872 0.207563 0.211987 0.213231 0.217391
EPWTP∗ × 106 1.775992 1.786375 1.798542 1.816361 1.823080 1.838217
EPWTP change (%) −4 −3 −1 +1 +2 +4
P
N 22 23 24 24 25 26
T ∗1 0.217391 0.21469 0.21215 0.206482 0.202356 0.198311
EPWTP∗ × 106 0.977354 1.664746 1.735576 1.979788 2.149530 2.649228
EPWTP change (%) −46 −18 −9 +9 +19 +46
PR
N 24 24 24 24 24 24
T ∗1 0.209879 0.209235 0.208976 0.208129 0.207657 0.206258
EPWTP∗ × 106 1.808210 1.808296 1.808312 1.808355 1.808344 1.808363
EPWTP change (%) 0 0 0 0 0 0
k
N 24 24 24 24 24 24
T ∗1 0.212589 0.209235 0.208569 0.208015 0.199883 0.195687
EPWTP∗ × 106 1.809977 1.808985 1.808655 1.807994 1.807664 1.806672
EPWTP change (%) 0 0 0 0 0 0
c
N 18 22 23 25 26 29
T ∗1 0.277778 0.227273 0.217391 0.197856 0.192308 0.172414
EPWTP∗ × 106 2.173049 1.941960 1.873606 1.745739 1.685534 1.516699
EPWTP change (%) +20 +16 +8 −8 −15 −36
c1
N 23 24 24 24 24 25
T ∗1 0.256871 000.223987 0.215426 0.201563 0.197956 0.188795
EPWTP∗ × 106 1.836928 1.819766 1.814045 1.802604 1.796883 1.779721
EPWTP change (%) +3 +1 0 0 −1 −3
v
N 24 24 24 24 24 24
T ∗1 0.207119 0.207658 0.208159 0.208510 0.208616 0.208987
EPWTP∗ × 106 1.800258 1.805858 1.807091 1.809558 1.810791 1.816491
EPWTP change (%) −1 0 0 0 0 +1
cl
N 24 24 24 24 24 24
T ∗1 0.218768 0.215691 0.209542 0.206981 0.199987 0.199875
EPWTP∗ × 106 1.808433 1.808368 1.808346 1.808303 1.808281 1.808216
EPWTP change (%) 0 0 0 0 0 0
ct
N 24 24 24 24 24 24
T ∗1 0.21836 0.216789 0.209651 0.207781 0.198952 0.198562
EPWTP∗ × 106 1.808406 1.808357 1.808341 1.808308 1.808292 1.808243
EPWTP change (%) 0 0 0 0 0 0
h
N 21 22 24 24 25 26
T ∗1 0.211328 0.209987 0.208637 0.208438 0.207956 0.197354
EPWTP∗ × 106 1.830678 1.817266 1.812795 1.803854 1.799383 1.785971
EPWTP change (%) +3 +1 0 0 −1 −3
a
N 28 26 27 21 22 20
T ∗1 0.179328 0.183954 0.196238 0.31415 0.33420 0.356642
EPWTP∗ × 106 0.940329 1.265827 1.627496 1.9891575 2.350822 2.676321
EPWTP change (%) −47 −30 −10 +10 +31 +48
b
N 34 27 25 23 22 20
T ∗1 0.147158 0.185185 0.213008 0.217391 0.227273 0.250000
EPWTP∗ × 106 2.179335 1.942279 1.873484 1.746235 1.686903 1.521817
EPWTP change (%) +20 +7 +3 −3 −7 −16
r
N 28 26 24 24 22 19
T ∗1 0.169309 0.183395 0.201412 0.314105 0.322082 0.33562
EPWTP∗ × 106 1.410493 1.681742 1.717909 1.873575 1.942185 2.170247
EPWTP change (%) −22 −7 −5 +4 +7 +20
Θ
N 27 25 24 24 23 22
T ∗1 0.178562 0.198605 0.201412 0.294015 0.302986 0.312598
(continued on next page)
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Table 2 (continued)
Parameter change (%) −%50 −%20 −%10 +%10 +%20 +%50
EPWTP∗ × 106 1.845122 1.823045 1.815685 1.800963 1.793602 1.771513
EPWTP change (%) +5 +2 +1 −1 −2 −5
α
N 26 25 24 24 22 23
T ∗1 0.199538 0.207400 0.208112 0.209895 0.25402 0.305874
EPWTP∗ × 106 1.844847 1.822935 1.815630 1.801018 1.793711 1.771786
EPWTP change (%) +4.5 +2 +1 −1 −1.8 −2
β
N 26 25 24 24 23 23
T ∗1 0.198239 0.203973 0.202412 0.221511 0.228600 0.269876
EPWTP∗ × 106 1.808600 1.808435 1.808379 1.808269 1.808214 1.808049
EPWTP change (%) 0 0 0 0 0 0
γ +%25**
N 25 24 24 24 24 23
T ∗1 0.200632 0.206987 0.207562 0.208968 0.209873 0.21289
EPWTP∗ × 106 1.834322 1.818729 1.813527 1.803120 1.797913 1.795309
EPWTP change (%) +3 +1.3 +0.6 −0.6 −1.3 −1.6
** Because maximum value of γ is one we cannot dedicate a value bigger than %25 to γ sensitivity analysis.
There are some useful extensions of our model that could constitute future research endeavors in this field. For example,
it would be extended for the case where demand is uncertain. Furthermore, considering the effect of salvage items on the
second market on the demand of the first market, by incorporating both selling and salvage pricing decisions that influence
customer demand, and by including complete backlogging or a mixture of backorders and lost sales, would also enhance
the usefulness of the presented model.
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